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Abstract. In this paper we consider indecomposable representations of the Poincaré algebra
iso(3, 1) on the space {} = 0, _H of its universal enveloping algebra. A master representa-
tion is obtained on () which induces representations on K, the invariant subalgebra of
translations, and on Q_ and Q.. These representations are discussed, in particular in view
of finite dimensional indecomposable representations of iso(3, 1). The approach taken is
analogous to the approach which was chosen by the authors in their analysis of indecompos-
able representations of the Lorentz algebra so(3, 1). Thus, under restriction of iso(3, 1) to
so(3, 1) the earlier results are recovered. The interpretation of the finite dimensional
indecomposable representations of iso(3, 1) then follows easily as a coupling of a finite
number of irreducible so(3, 1) representations to an indecomposable iso(3, 1) representa-
tion, with the dimension of the irreducible representations strictly increasing or strictly
decreasing. The bases for the finite dimensional indecomposable iso(3, 1) representations
are explicitly determined, and thus also their matrix elements via the inducing representa-
tions. A formula for their dimensionalities is obtained.

The methods employed are purely algebraic and follow the line of work of Jacobson
and Dixmier.

1. Introduction

In this paper we study certain types of indecomposable representations of the Poincaré
algebra iso(3, 1). This work is an extension of our study of indecomposable, as well
asirreducible, representations of the Lorentz algebra so(3, 1). Thus, the results obtained
in [1] for the Lorentz algebra so(3, 1) will be basic for the study which we carry out
in this paper. We will follow [1] closely, and in particular use the same notation as
far as possible.

In § 2 of this paper we define the master representation of the Poincaré algebra
iso(3, 1) on the space of its universal enveloping algebra , with Q in a ‘natural basis’
(i.e. the basis elements of ) are taken to be tensor products of the basis elements of
the algebra iso(3, 1)). The master representation is then reduced to a representation
on the space ()_, still maintaining the natural basis for _. Here Q. denotes the
subspace of {) which is spanned by the tensor products of the ‘lowering operators’ of
iso(3, 1) alone. Finally, we give a representation on a subspace {1, of Q, where €} is
the enveloping algebra of the translation subalgebra of iso(3, 1). In particular, we will
obtain formulae for the dimensions of finite dimensional (non-trivial) indecomposable
representations induced on quotient spaces of £, with respect to invariant subspaces.
The lowest dimensions are 5, 14, 15,....
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In § 3 we reconsider the representation defined on the space _, and perform a
change of basis in ). from the natural basis to an angular momentum basis. This
angular momentum basis is the basis which is most commonly used in physical
applications and correspond to the basis used by Gel'fand et al [2], Gel'fand and
Ponomarev [3], as well as in part of our analysis of so(3, 1) [1].

In § 4 we discuss certain types of indecomposable representations of iso(3,1),
making use of the results of § 3. We will follow closely our discussion of cases A and
B as given in [1]. We will obtain, in explicit form, the bases for the finite dimensional
indecomposable representations which are induced on quotient spaces of . with
respect to invariant subspaces. Again, we will obtain formulae for the dimensions of
these representations. The lowest dimensions obtained here are 5, §, 11, 13, 14, 14,
17, 18, 20, 20, . ...

In § 5 a similar discussion is presented for the case of (1. The lowest dimensions
of (non-trivial) finite dimensional indecomposable representations obtained on the
extended space Q¢ (for negative integers n) are 7, 10, 13, 16, 17, 19, .... All the finite
dimensional representations obtained in §8 4 and 5 are in fact representations on the
extended space Q% (or Q%) with N, n integers.

Our work employs purely algebraic methods, as developed by Jacobson {4], Dixmier
[51 and Humphreys [6]. Previous work on indecomposable representations, involving
different methods, has been carried out by Angelopoulos [7], Paneitz [8], Raczka [9]
and Bertrand and Rideau [10].

2. Master representation
We choose for the Poincaré algebra iso(3, 1) the basis

{hSa h+a h—9 P3P+, P, kO’ k}, k+’ k—} (21)

The elements k correspond to the (angular momentum) subalgebra so(3), the elements
h and p to the (Lorentz) subalgebra so(3,1) and the elements k to the invariant
(translation) subalgebra K.

The non-vanishing Lie products are given in this basis by

(hs, h.]=xh. [he, h_]1=2h,
[hs, pe]==%p. [he,p-1=1p+, h-1=2p; [ps, hu]l==%p.
[PB,Pr]=:Fh:: [P+,P']=_2h3

(2.2)
[ks, ho]==k. [hy, k.]==k.
ko, p=]=—k. [ps, ksl =—ko [P, kol =k,

[hy, ke]=+2k; [P+, k=]=—2k,.

The above relations are valid only if all upper signs or all lower signs are taken
simultaneously.

Another basis which is frequently used in physical applications is
{M,,P.uva=01,2 3}
with Lie products
[P, P]=0 (M., P.]1=1(8uaP, — 81aPy)
(M., Mop]l=i(8uaMop — 8uaMiup + 8usM., ~ 8.sM..,.)
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where
8oo= 8= —8n=—gn="1 8. =0if u#w
This basis is related to ours by

h,= —My;—iM;,

h_=—-M,+iM,; k,=-P,—iP,
hy=—-M,, k_=P,~-iP
P3= My ky=-iP,

P+ =My —iMy, ko= P,

p-= My +iM,,.

We choose the following ‘natural basis’ for the universal enveloping algebra Q of
iso(3,1):

Q:{X(u,m,p,s,nqzwtr)=ph"k? pihlkikiky pihs, u,m, ... eN} (2.3)

where the product is the ordered tensor product and X(0,0,...,0)=1 denotes the
identity operator. Apart from the Lie products of [1], equation (2.3), taken within the
universal enveloping algebra of so(3, 1), one needs the following Lie products, taken
within the universal enveloping algebra of iso(3, 1),

[ks, K] = £mh™ 'k, [ko, pT]=—mpT k.
[k., hT]=+2mh? 'k, — m(m —1)h" k.
(key pT)=2mpT ko= m(m—1)pT k=

[hs, k7] = £mkT [he, k3] =Fmky 'k, (2.4)
[hey k7] =F2mkT ks

[ps, k1= —mk3  kq [ps, k51 = mkg' ks

[p=, kZ1=-2mkI ™ ko [ps, k3= mky ™ k..

Making use of these relations one obtains the master representation p of the Poincaré
algebra iso(3, 1) on the space of its universal enveloping algebra €} in the natural basis,
equation (2.3):

p(h)X=X(r+1)+(n+s+g-u-m—-p)X

p(p) X=X+ +wX(w-1,z+1)-zX(z-1,w+1)+nX(s+1,n-1)
-sX(n+1,s=1)-mX(u+1,m-1)+uX(u—-1,m+1)

plp )X =X(u+1)

p(h ) X=X(m+1)

p(p )X =X(s+1)+u(u—-1-2g-2n-2s+2p+2m)X(u—-1)
+2psX(p—-1,5s=1,qg+1)-2pX(p—-1,w+1)
+2mX(m—-1,t+1)+2mwX(m—-1,w—1,z+1)

—2mzX(m—-1,z=-1,w+ 1)+2mnX(m—1,s+1,n—1)
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-2msX(m—-1,n+1,5s—1)
-mm-DX(u+1, m=-2)-2uX(u-1,r+1)

p(h )X =X(n+1)+m(—m+1+2g+2n+2s—2p—2u)X(m—1) (2:3)
+2pX(p—1,z+1)+2pnX(p—1,n—-1,g+1)+2mX(m—-1,r+1)
F2uX(u—1,t+D)+F2uwX(u—-1,w—-1,z+1)
—2uzX(u—-1,w+1l,z—-1)+2unX(u—-1,n-1,s+1)
—2usX(u-1,s-1,n+D+u(u—-1)Xu-2,m+1)

pk)X=X(z+1)+nX(n—-1,g+1)-mX(m—-1,p+1)

plkg) X =X(w+1)=sX(s—-1,qg+1)—uX(u—-1,p+1)

plk )X =X(p+1)

plk )X =X(@g+1)+2mX(m-1,z+ 1)}+2mnX(m—-1,n—1,qg+1)
—-m(m-DX(m-2,p+1)+2uX(u—-1,w+1)
—2usX(u—-1,s—1,g+1)—u(u—-1)X(u-2,p+1).

Imposing the conditions
p(h)l=p(p)l=p(k)i=p(ks)1=p(ko)I=0 2.6)

p(h)1=A41 p(p3)1=A;l

the master representation, equation (2.5), induces on the space {)_ of the lowering
algebra with basis

Q. {X(u,mp)=p“hTk", u m, peN} 2.7
the representation

p(h) X =(A—u-m-p)X

p(p) X =AX-mXu+l,m-1)+uX(u—1, m+1)

p(p)X=X(u+l)

p(h)) X =X(m+1)
p(p) X =u(u—1+2p+2m)X(u—-1)—-m(m—-1D)X(u+1, m-2)+2mA,X(m—1)

—2uA X(u—1) (2.8)
ph)X=m(-m+1-2p-2u) X(m-D+u(u—1D)X(u-2,m+1)+2mA, X(m—-1)

+2uA, X(u—-1)

plk3) X =—mX(m—-1,p+1)

plko) X =—uX(u—-1,p+1)

p(k )X =X(p+1)

plk )X =—-m(m-DX(m=-2,p+1)—u(u—-1)X(u—-2,p+1).

It is this representation which will be discussed in detail in the foliowing sections,
after a change of basis to an angular momentum basis has been performed.
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The translation subalgebra K is an invariant subalgebra. Thus, we obtain a
representation on the space {1, with basis

Qu:{X(p, g,z w)=k?kIkiky, p, q, z, we N} (2.9)
A representation on this space is obtained as (p(h;)1=p(p;)1=0,u=m=s=n=0)

p(h)X =(q-p)X

p(p) X =wX(z+1l,w-1)—zX(z—-1,w+1)

p(h )X =zX(p+1,2-1)-29X{(q—1,z+1)

p(p )X =wX(p+1,w—1)-2gX(g—-1,w+1)

p(h )X =-2zX(g+1,z—1)+2pX(p—1,z+1)

p(p) X =wX(g+1,w=-1)-2pX(p—1,w+1)

plk) X =X(z+1)

plko)X =X(w+1)

p(k)X = X(p+1)

plk)X =X(qg+1).

(2.10)

This representation is infinite dimensional and indecomposable. It contains an
infinity of invariant subspaces which are nested into each other (composition series).
It is seen that

N=N,+N,=p+q+z+w N,p g, 2z, weN
remains constant under the action of so(3, 1), while
N =p+gq+z N,p g zeN

remains constant under the action of so(3). Thus, since N=0,1, 2,3, ... foriso(3, 1),
it follows that this indecomposable iso(3, 1) representation contains irreducible so(3, 1)
representations for N =0,1,2,3,.... Each of the irreducible so(3, 1) representations
contains in turn irreducible so(3) representations with a multiplicity =1. For a given
value of N the dimension of the so(3, 1) representation is

§N+1)(N+2)(N+3).

The action of the invariant subalgebra K always increases the value of N. Thus, each
value of N defines an infinite dimensional invariant subspace Vy of the representation
equation (2.10), with V,=Q,. Thus, this representation of iso(3, 1) induces on the
quotient spaces Q,/ Vn.y, N =1, finite dimensional indecomposable representations.
Still other finite dimensional indecomposable representations are obtained by observing
that the invariant subspace V,, contains the invariant subspace Vs, M < N. On the
quotient space Vi / V., M < N, one obtains the finite dimensional indecomposable
iso(3, 1) representations of dimension

dim p(M, N)=33[(N+ 1)(N+2}(N+3)(N+4) - M(M +1)(M +2)(M +3)]

(2.11)
N=1,2,3,..., M=0,1,2,...,N—1.

Note that for M = 0 one obtains the finite dimensional indecomposable representations
on Qy/ Vg,
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The representations of dimension <20 are
5=(3+1)+1 14=(5+1)+(3+1)+4 15=(5+1)+(3+1)+4+1

where the sums give the so(3, 1) content, with the so(3) content in parentheses.

3. Representations on the ‘lowering’ algebra _

In this section we perform a change of basis of the space ()_ to an angular momentum
basis and study the representations of iso(3, 1) on the space _ in this new basis.
We define p(h,) extremal vectors through the condition

p(h+)qu =O
(3.1)
YNg = kz X (N—-k—q,k, q).
=20
k+g= N
One obtains the following recurrence relations for the coefficients ¢,,:
e = — 2A5(N-9q)
YT2A,+2-2N
(3.2)
o = (N-k—-q+2)(N-k—q+1) 2A,(N-k-qg+1)
kg —

KA, —2N+k+1) %29 kA, —2N+k+1) * e

for each geN.
The angular momentum basis for {)_ is given by

{(3Ta=h"ynm meN, geN, N—geN}. (3.3)

Making use of the results of [1], and again applying the process of induction, the
representations of iso(3, 1) on {}_ in an angular momentum basis are obtained as

p(h)yRg= (A= N-m)y%y p(h)yRg=m2A, -2N+1-m)y%;" p(h)yRN, =y
p(P3)yNg = ang(2A =2N+1-m)yX15

+Brng(A = N =m)y%, —myRii,
p(p)yRg=—ang2A =2N+1-m)(2A, -2N+2-m)yK_1,

+Brgm(2A —2N+1-m)yR ' —m(m—1)yR3,
PPy Rg= angy VT Bray g VN1 (3.4)
P(k_)yRg = Ongy N3 g1 YNgY Rgrt T ¥ Res1 g1 p(ko)yRg=—(N—q)yTqs1
p(k3)yRg=(2A =2N +1=m)8ngy Nl gni F (A= N = m)yngy g1 — myR3h g
p(ko )yt =—(Q2A=2N+1=m)(2A, = 2N +2=m)8xngy T -1 g1

+mQA; = 2N +1=m)yngy N —m(m=1)yN o0
where

N _[AS+ (A I-NPIN-9)(2A,+2-N —¢q)
N (A +1-NPQ2A —2N +3)(2A,-2N +1)
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- 1\2(/\1"'1_(])
(A= N)(A;+1-N)
5. _(N-q)(N-g-D[AI+(A+1-N)’]
N QA 2N +1)(2A, -2N +3)(A, = N+1)°
_ (N-g)A;
TN (A - N)(A, - N+1)

BNq

Although these relations were derived on the space (}_ with basis equation (3.3), i.e.
N —gq, g, meN, they are seen to be valid on the extended space Q° for N, q, meZ
(though then yn, loses its former meaning and represents some abstract basis).

One observes the following properties of this representation.

(i) The action of the Lorentz subalgebra so(3, 1) does not affect the parameter q.
Thus, for fixed value of g the relations (3.3) yield representations of the subalgebra
so(3, 1) which are identical to the representations which were obtained in [1]. In fact,
for fixed g, the substitution

Al—g- A N—-g->N

brings the so(3, 1) representations as defined above into the form given in [1]. Thus
the set of basis elements

{¥Rq q fixed}

corresponds to the so(3, 1) basis of [1]
{y%, N=q}.

(ii) The action of the translation subalgebra K always increases the value of g by
1. This then causes an indecomposability in the parameter g. In fact, the action of
p(ks), p(ky), p(k_) is identical to the action of the operators p(ps), p(ps), p(p_),
respectively, in regard to the indices N, m, while it increases the value of g by 1. The
action of p(k,) does not affect the values N, m but merely increases the value of g by
1 (see figure 1). This follows from the fact that k., k_, k; are the three components
of an I =1 angular momentum operator while k; is an / = 0 angular momentum operator.
(iii) The coefficients 8, y differ from coefficients «, B, respectively, only by certain
factors, namely
__N-g-1 __N-g
_2A1+2—N—anq YNq_A1+1_qBNq'

SNy

4. Finite dimensional indecomposable representations

In this section we want to discuss the representation given by equation (3.4) for certain
specific values of the parameters A; and A,. We are primarily interested in the finite
dimensional indecomposable representations. These are obtained on certain quotient
spaces. To obtain the bases for these representations one has to go through the analysis
of infinite dimensional indecomposable representations following closely our previous
work in [1]. We refer the reader to [1] and appendices 1 and 2 for a more detailed
presentation.

Let us only mention here that finite dimensional indecomposable representations
arise due to the ‘staircase’ invariant subspaces. For a fixed value of g the elements of
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(N+1,m-2,q+1) 9 N
; (N,m—H +

| i | [

|
‘[—_ ;(Nv1_ T‘H
{ -1, mq+
q\/'
——
P
e

9lks)

1,g+1)

Figure 1. The action of p(k.), p{k_), p(ky), p(ks).

an so(3, 1) invariant subspace are the elements y, which lie above the ‘staircase’
defined by the key equation 2A; —2N +1—m =0. Finite dimensional indecomposable
representations are obtained on the quotient spaces modulo these invariant subspaces.

It may be useful to consider an example at this point. We choose M =3, n=1.
The union of the sets of elements: {y5o™, y16™%, ¥oino, M, NeN} {(p117, yoini, m,
NeN}and V9 ¢=2,3,4,...,formsabasis foraniso(3, 1) invariant subspace of Q_ (see
appendix 2). The quotient space of {)_ with respect to this invariant subspace then has a
basis {90, Y60, Yoos Yoor ¥ 10, Y10, V1, Y11} Withrespecttoso(3, 1) this quotient space carries
asix-dimensional (¢ = 0) and atwo-dimensional (g = 1) irreducible representation while
for iso(3, 1) this space carries an eight-dimensional indecomposable representation
whose invariant subspace is spanned by {y9,, y1;}. In explicit form:

[3/2 0 0 0 0 0 0 0 ]
0 1/2 0 0 0 0 0 0
0 0 -1/2 0 0 0 0 0
o) = 8 8 g ~3/2 0 0 0 0
0 12 0 0 0
0 0 0 0 0 -1/2 0 0
0O 0 0 0 0 0 1/2 0
Lo o 0 o o o o0 -1/2]
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0 0 0 0 0 0 0 0]
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
P)=l g 9 0 0o 0 0 0o o
0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
L 0 1 0 0 2i/3 0 0 0
[0 0 0 0 0 0 0 0 ]
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
PkI=l 6 9 0 0 0 o0 o o
0 0 0 0 0 0 0 0
0 0 -2 0 0 2/3 O 0
L 0 0 0 -6 0 0 0 (U
( 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
k =
PRI=1 0 0 0 o0 0 o0 o o
0 0 0 0 0 0 0 0
0 -1 0 0 i/3 0 0 0
L 0 0 -2 0 0 -i/3 0 0 J
[ 0 0 0 0 0 0 0 0 7
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
Pk)=16 6 o o 0o o0 o o
0 0 0 0 0 0 0 0
0 0 0 0 -1 0 0 0
L 0 0 0 0 0 -1 0 0 J
In the evaluation of the matrices we used:
Qoo =011 =80=8;=8,6=Yo=Y11=0, Boo=1/3,
Bro=15i/3, Bii=1i, a;0=4/9, Y10 =2i/3.

In a similar manner other finite dimensional indecomposable representations can
be obtained in an explicit form. In what follows we list the bases, as well as the so(3, 1)
content for the representations with small dimensions.
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For A, =M/2, A,==in/2 (M,n=3,5,7,...n< M), case A4 in appendix 1, the
bases for finite dimensional quotient spaces are given by

Tmiznran =N gS N<S(M-n)/2,0s m<M-2N,0sg=<gq;} (4.1)

where 0<g.<(M —n)/2. The number g, signifies the number of g levels (so(3,1)
irreducible representations) which occur in the iso(3, 1) representation.

It is thus seen that to each finite dimensional representation there corresponds a
triplet of numbers (M/2,n/2, q.). A general expression for the dimensions of finite
dimensional indecomposable representations of iso(3, 1) will be given shortly.

Below we list the dimension and the so(3, 1) content of some of the smallest iso(3, 1)
representations (M /2, n/2, q.) = (A, —iA,, q.):

(3/2,1/2,1) 8=6+2=(4+2)+2

(5/2,3/2,1) 14=10+4=(6+4)+4

(5/2,1/2,1) 18=124+6=(6+4+2)+(4+2)
(1/2,5/2,1) 20=14+6=(8+6)+6

(5/2,1/2,2) 20=124+6+2=(6+4+2)+(4+2)+2
(9/2,7/2,1) 26=18+8=(10+8)+8

(1/2,3/2,1) 28=18+10=(8+6+4)+(6+4)
(7/2,1/2, 1) 32=20+12=(8+6+4+2)+(6+4+2)
(1/2,3/2,2) 32=18+10+4=(8+6+4)+(6+4)+4

(11/2,9/2,1) 32=22+10=(12+10)+10

etc.
For Ay=M, A,=+in (M,n=1,2,3,..., n< M), case B3 in appendix 1, the bases
for the finite dimensional quotient spaces are given by

Tirmgo = VN gS NS M -n0<sm<2M-2N,0<g<gq} (4.2)

where 0= g.< M — n. The value g, again gives the number of g levels which occur in
the iso(3, 1) representation.

The few lowest dimensional representations obtained this way are listed below with
(M’ n, qc) = (Al; "‘iAz, qc):

(1,0,1) S5=4+1=(3+1)+1

2,1,1) 11=8+3=(5+3)+3

(2,0,1) 13=9+4=(5+3+1)+(3+1)
(2,0,2) 14=9+4+1=(5+3+1)+(3+1)+1
(3,2,1) 17=12+5=(T+5)+5

(4,3,1) 23=16+7=(9+7)+7

(3,1,1) 23=15+8=(7+5+3)+(5+3)
(3,0,1) 25=16+9=(7T+5+3+1)+(5+3+1)

(3,1,2) 26=15+8+3=(7+5+3)+(5+3)+3
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(3,0,2) 29=16+9+4=(7+5+3+1)+(5+3+1)+(3+1)
(5,4,1) 29=20+9=(11+9)+9
(3,0,3) 30=16+9+4+1=(7+5+3+1)+(5+3+1)=1

etc.

One may notice that the formulae for the Poincaré algebra representations derived
on the basis y}, for m, g, NeN and N = g can be extended to all integral values of
m, g and N. Our original space {1_ then becomes an invariant subspace of a certain
abstract space (}° on which the analysis can be developed. In our geometrical picture
Q¢ would correspond to Z XZ XZ.

5. Representations on the ‘raising’ algebra {2,
In order to obtain the representations p’ of iso(3, 1) in the angular momentum basis
we choose as the basis for } the ordered set:
Q:{Y(s,n,qump,zwtr)
=pihikip hTkPkikypihs, s, n, g, u, m,p, z, w, t, reN}. (5.1)

The basis for (1, then becomes

Q.:{Y(s, nq),s n geN}
where

Y(s, n, q)=pihlki

The basis X for ) goes over into the basis Y for Q. under the Lie algebra
automorphism

hy-> —h; h.,~>h_ h_-h,
> — <> P p_—-p+
Ps D3 pP+=>p (5.2)
ky—> —ks k.->k_ k_>k,
ko k.

The representations p' of iso(3, 1) on Q and ). are then obtained from the representa-
tions p by the substitution

(A, A2) = (AL —AY)

and

p'(hy) = —p(hs)

p'(h)=p(h-)

p'(ps)=-~p(ps) p'(h)=p(h)

p'(ks)=—p(ks) p'(ky)=p(k.)
(5.3)

p'(ko) = p(ko) p'(k_)=p(k,)

p'(p)=p(p-)

p'(py=p(p.).
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Representation on (,:

p'(h)yRp=(N+n+A)yk, p'(h)yhp =Yy
p'(h)y%,=n(=2A,—2N - n+1)y%,'
p'(P)y R = —anp(=2A, 2N —n+ 1)y N7, + Bap (A + N+ )y, +nyRiy,
P'(P)yRp = anpy W15t BroY g F ¥ N1
Pp)yny=—any(=2A1=2N =n+1)(-2A, -2N+2~ nYnN-1p
+Brpn(—2A1=2N —n+ 1)y, —n(n =1y, (5.4)
' (k)Y = =8np(—2A, =2N =+ 1)(=2A, = 2N = n+2)yN 11
+nynp(=2A1 2N = n+ 1)y —n(n=1yN2,
/(K )yp = OnpY N 11 H YNy Nopr1 TV N1 pst
p'(k3)yhp = =8np (=24, —2N =+ 1yR, o1~ (=A = N = n) ynpV Nps 1 T YN p
p'(ko)ynp=—(N—=p)yipn

where

_[A3+(1=A,=N)’IN=p)(=2A,+2~N-p)
AN A 1 N)A(—2A, - 2N +3)(—2A,—2N+1)

B, = —A(-A +1-p)

N T (A, = N)(-A,+1-N)

5. o (N=pP)(N-p-DIAT+(=A = N+1)’]
N T(=2A, 2N+ 1)(=2A, - 2N +3)(=A, = N+1)?
_ —(N-plA;

Ynp =

(=A, = N)(-A,-N+1)

When restricted to the so(3, 1) subalgebra, one obtains the representations of so(3, 1)
which were discussed in [2]. Further analysis of the above representations is analogous
to the analysis given for the Lorentz algebra. Equations (5.4) also hold on the extended
space O%, N, p, neZ.

Following the methods which were employed in § 3, one obtains the bases for finite
dimensional quotient spaces for A; >0, —iA,> 0, half-integers (case A):

Timanszgo =N g<SN<}n-M),~-M-2N+1=m<0,0sg=<gq;}

(5.5)
M,n=3,57...,n>M, O0<sg.<in-M)
and for A, >0, —iA,> 0 integers (case B):
T(M,n,q.;):{y’;\l’q,qsNsn_M9_2M_2N+1sm<0’osq$qc} ( )
5.6

Mn=1,23...,n>M, 0sg.<n-M
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In the following a few examples with lowest dimensionalities are shown:

(M/2,n/2,q)) = (A, —iA3, o) (case A)

(3/2,5/2,1) 10=6+4=(2+4)+4
(5/2,7/2,1) 16=10+6=(4+6)+6
(3/2,7/2,1) 22=12+10=(2+4+6)+(4+6)
(7/2,9/2,1) 22=14+8=(6+8)+8
(3/2,7/2,2) 28=12+10+6=(2+4+6)+(4+6)+6
(9/2,11/2,1) 28=18+10=(8+10)+10
(5/2,9/2,1) 32=18+14=(8+6+4)+(8+6)
etc.
(M, n, gc) = (A, =iAs, 4o) (case B)
(1,2,1) 7=4+3=(1+3)+3
(2,3,1) 13=8+5=(5+3)+5
(1,3,1) 17=9+8=(1+3+5)+(3+5)
(3,4,1) 19=12+7=(5+7)+7
(1,3,2) 22=9+8+5=(1+3+5)+(3+35)+5
(4,5,1) 25=16+9=(9+7)+9
(2,4,1) 27=15+12=(3+5+7)+(5+7)
etc.

A general formula for the dimensions of the finite dimensional indecomposable
iso(3, 1) representations on {0_ and QJ can be obtained. It is given as

d(Al,Azch) = i%(qc+ 1)(QC+ 2)(i6A1 —'4qc+ 3)i(qc+ 1)[(iA1 - qc)2 + A%)] (57)

where the upper sign corresponds to (}_ and the lower sign to QF.

One has to remember that the above holds only for those values of A;, A,, g. that
give finite dimensional indecomposable iso(3, 1) representations. For q.=0 we get
back the formula for the case of the Lorentz algebra.

6. Summary

Starting from the master representation for the Poincaré algebra, we obtained finite
dimensional indecomposable iso(3, 1) representations on the translation subalgebra K
with dimensions 5, 14, 15, . .., as well as on the ‘lowering’ algebra {)_ and the ‘raising’
algebra 15 with dimensions 5, 7, 8, 10, 11, 13, 13/, 14, 14', 16, 17, 17', 18, 19, 20, 20’,
22,22,22", 23,23 25,25, 26, 26’, 27,28, 28, 28", 29, 29', 30, .... The general formulae
for the dimensions are given by equations (2.11) and (5.7), respectively. The so(3, 1)
content was calculated for the representations with dimensions listed above. Moreover,
the bases for the finite dimensional representations were obtained in an explicit form.
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As far as infinite dimensional indecomposable iso(3, 1) representations are concer-
ned, we confined ourselves to an example treated in appendix 2. The reader unfamiliar
with the method we have used is referred to the simpler case of the Lorentz algebra
treated in [1].

Appendix 1

In order to analyse the indecomposable representations in detail, one has to pay
particular attention to those coefficients «_, B, vy, 8_, that vanish as well as to those
that become singular. The same cases as in [1] will be discussed.

In what follows N stands for non-negative integers, N* for positive integers and
Nz4q for positive odd integers.

Case A
Ay=M/2, A>=in/2, M, neNgyq.
(A1) A =1/2, A=1/2(M=n=1).
The vanishing coefficients are a;, v, 8, 8415, J=0,1,2,..., and a;, az, s (see
figure 2).
(A2) A=M/2, A, ==xiM/2, M eNZyq and M=3,

The vanishing coefficients are ay, v, 8, 6415, Jj=0,1,2,..., and 8xy, an, for N =
M+1, N=1, ay, for N=M +2—gq. The singular bands mentioned in [1] are present
here, namely for N=(M+1)/2, N=(M+3)/2 and q small. More precisely, sin-
gularities for N = (M +1)/2 occur if g <(M +1)/2 and singularities for N = (M +3)/2
occur if g<(M+3)/2.

(A3) Ay=M/2, Ay==%i/2  (n=1, MeNL, M=3).

The vanishing coefficients are a;, v; 85 8.1y j=0,1,2,..., and ay, 8y, for
N=1/2+M/2+1 and q arbitrary, an, for N=M+2—q.

The singular bands appear for N=(M+1)/2 and N =(M +3)/2. Then the order
of limits for the parameters involved becomes of importance (see [1]). In the following
we confine our discussion to the case where the order of limits is taken in such a
manner that an, = 8, =0. This is always possible. For this case (as for case (Al))
the ‘staircase’ invariant subspaces of so0(3, 1) occur as discussed in [1]. These are
independent of the parameter q. For fixed value of q the elements of an invariant
subspace of this kind are all y, that lie above the ‘staircase’ defined by the equation:

2A{=2N+1-m=90

(see figure 3). It is the quotient spaces modulo these invariant subspaces which lead
to finite dimensional indecomposable representations of iso(3, 1).

(Ad) Ay =M/2, A,=in/2, M,n=3,517,..., n<M

The vanishing coefficients are ay;, 85, ¥ 841, j=0,1,2,..., and an,, Sy, for N =
+n/2+ M/2+1, an, for N=M+2—gq. The singular bands occur for N = (M +1)/2,
N=(M+3)/2.
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N N
q=0 \ ( g=1 ‘
3 T ' \ N
2 /[i’ ‘L 2 7[]/ /f
1 \J[ 4 ! 1 ?
° O 5 m k 2 4 6 m
N N
g=2 l ’\ 4 i
2 g,[,g % ( 24 ‘! 1
14 Y} 11 X
0 | ) i

2 4 6 m 2 4 6 m

Figure 2. A sequence of invariant subspaces for the first few g (g =0, 1, 2, 3) for case (Al).
«=0 a=0,8=0

moving down for fixed g forbidden, Lt/ f+~++ moving down for

Description:

5§=0
fixed q and q greater by 1 forbidden, 32\ vk moving down for g greater by 1 forbidden,

a=0,8=0, y=0
YPOE00H000F moving down for fixed g forbidden and moving only up allowed for g
greater by 1.

Case B
A1=M, A2=iin, M, neN.
(B1) A=A,=0 (M=n=0).
The vanishing coefficients are ay, 8, 6,41, j=0,2,3,... (except when j=1), and a»,.

The case when j =1 takes care of the coefficients that may become singular, namely

@11, @10, 811, 810, Boo, Bios Bi1s Yoo, Y10s Y11. Without explicitly listing the limits of the
parameters involved we find the sets of self-consistent values as follows:

ayq Qg 31 dyp Boo Bio Bu Yoo Y10 Y
I 0 oo 0 0 © ®© 0 0 e 0
I1 © ] o] @ o o] 0 0 ¢ o) <]
111 0 -1 0 0 0 0 0 0 0 4]
v 0 0 0 0 i i 0 0 i 0
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g=0 g=1
M+2
8 8 M+
6 1iM+3) 3(Me3)
. G 1)
2 2 t_\%‘t
0
0 ) 8 2 & 6 8
i g=2 g =3
| i
‘ M
7% M-1
. 1(Me3) 56 MITE]
N TR 11717
W_i il
3 -
2
0 L 0
2 6 8 2 L6 8
g=b [ =5
M-2
54 5
AT" —>¢
0 0
A - 7 & & 8

Figure 3. Case (A3) for M =7 can be viewed as a representative picture for any M.

Cases I1I and IVyield distinct iso(3, 1) indecomposable representations and representa-
tions induced on quotient spaces can be extracted from them in the usual manner.

(B2) A =M, A= £iM, MeN".

The vanishing coefficients are an, for N=¢g, N=2M+1, N=1, N=2M+2-¢q, 85,
for N=g, N=2M+1,N=1,N=q+1,8x,forg=M+1, yn, for N = g. Singularities
occur for N=M+1and N=M.

(B3) A =M, A, ==in, M =N, ns<M

The vanishing coefficients are an, for N=gq, N=2M+2—q, N=n+M+1, 8y, for
N=g N=g+1,N=n+M+1, By, forg=M+1, yn, for N =q. Singularities occur
for N=M+1, N=M.

Appendix 2

Using the result given in appendix 1 one can proceed with the analysis of the infinite
dimensional indecomposable representations of iso(3,1). Since in this paper we
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concentrate on finite dimensional indecomposable representations, we will only give
an example of such analysis in case Al.

We introduce the following subspaces: V¥ ={y7\ 4, N, meN} where geN. Each
subspace V7 corresponds to the space Q1_ of so(3, 1) in [1], equation (4.18), and thus
each subspace V7 carries so(3, 1) representations as was described in [1]. If the integer
values of g are plotted along the z axis of a coordinate system, then the basis elements
of each space V? can be considered to lie in a plane which is parallel to the xy plane
and has a corresponding integral coordinate g on the z axis. Furthermore, the integral
values of m and N + g will be represented by integral coordinates on the x axis and
y axis, respectively. Then to each point (m, g+ N, q) of this integral coordinate system
corresponds a basis vector of the space (. of iso(3,1) for m, g+ N, geN. It is noted
that, as the value of g increases by 1, the minimal value of g+ N is shifted by 1 in
the y direction.

From equation (3.4) it follows that the action of the operators p of iso(3,1) on
Ya+ng for N =0, maps these elements either on other elements of V? (the action of
the so(3, 1) subalgebra) or on elements yq’";HN,qH of V9!, The latter is true since
844 = Y4 =0 and since p(ko) maps these elements to zero. Moreover, since 8,4, , =0,
the elements y7',, N4, for N =0, are either mapped onto elements of the space V*
(the so(3,1) subalgebra) or onto linear combinations of elements y7.,.n4+ and
Yoarng+1 (again N =0) of V™', It is then easy to realise that the space

v=UV?  (qeN)

forms a space which is invariant (but not irreducible) with respect to the action p of
the representation equation (3.4). In fact, equation (4.2) gives a decomposition of )_
with respect to so(3, 1) invariant subspaces. Each of these so(3, 1) invariant subspaces
exhibits the properties of the so(3, 1) representations discussed in [ 1] for the appropriate
choice of parameters A, A,.

In addition to the subspaces V? of {}_ we introduce the subspaces
Vg+R = {y:;n+r,q, r= Rs me N}

where g, ReN. The spaces Vi, form subspaces of the spaces V% They are obtained
from the spaces V¢ by deleting the basis elements yj.n, for N=0,1,...,R—1. In
particular, Vi= V% These subspaces will be needed in what follows.

Below we will list iso(3, 1) invariant subspaces of {)_:

Q.=ViuViuViu...=JV?
7

wW,=ViuViu Vi ..
W,=ViuVviuva. ..
W,=ViuViu Vi ..
W,=WViuVviuvi. ..
Ws=ViuViuVvi...
We=ViuViuVvi ..
W,=ViuViuVvi. ..
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We=ViuViuVi...

There are infinitely many of them. Making use of those invariant subspaces one can
construct infinitely many quotient spaces. These quotient spaces carry infinite
dimensional indecomposable iso(3,1) representations. For example (the slash \
denotes the difference of sets),

To=0_/(Q\Vy) =
T3=0_/(Q \VO\V)~ Vi
To=0_/(Q \VO\V\VZ) VguViuVﬁ
etc,
Ti=W,/(W\V]) =V
Ti= W/(W\VAV)=Viu V)
etc.

These quotient spaces have, in turn, invariant subspaces. We choose T3 as an
example. Its invariant subspaces are L,= ViU V), L,=Viu Vi, L,=Viu V) L,=
ViU V) Li=VIu V) Li=VIu V) L,=V], Ly=V. In addition there exist the
invariant subspaces (due to the existence of the non-trivial p(h,) extremal vector y3),
Ly=Lol,, Lyw=Lul, L,=Lul,, L,=LuUlL, Ly=LulL, where L=
{y“"‘ meN}. The quotient spaces of Tj are then

(1) T3/ (ViU V) ={yo, meN} carrying an infinite dimensional indecomposable
so(3) representation with highest weight 1/2,

(2) T3/ (ViU Vi)Y ={y&, y&, yi, meN} carrying an infinite dimensional indecom-
posable iso(3, 1) representation with its so(3) content consisting of infinite dimensional
irreducible representations with highest weights —1/2, —1/2 and the so(3) indecompos-
able representation with highest weight 1/2,

(3) T3/ (V3U VY ={y&, yi, vy, y5, meN} carrying an infinite dimensional
indecomposable iso(3, 1) representation with its so(3) content consisting of infinite
dimensional irreducible representations with highest weights —1/2, —1/2, —3/2 and
the so(3) indecomposable representation with highest weight 1/2.

The analysis of other quotient spaces is similar. One obtains infinite dimensional
irreducible and indecomposable iso(3, 1) representations, whose so(3) content can be
determined in a straightforward manner. We confine ourselves to a listing of all
remaining quotient spaces of T3:

(4) To/(V3u V) ={y3, yio, meN}

(5) To/(VSU V) ={yG, y7, y5, meN}

(6) T3/ Vi=V?

(7) To/ Vi=Vou{yfi, meN}

(8) To/(VIuU Vi) ={y&, yii, meN}

(9) T(Z)/ Ly ={yo, .V(l)o}

(10) T3/ Lyo={yoo, Yoot u {yTo, meN}

(11) T3/ L1y ={yo0, Yoo} v {¥7, ¥5, m e N}

(12) T¥/ Liz={yoo yoot U {yhi, meN}

(13) T3/ Lys = {yo0, Yoo} U V3
The representation induced for case (9) is finite dimensional, but trivial (p(k)=0).
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